Abstract. Let A be a finite dimensional algebra of finite global dimension over a finite field. In the present paper, we introduce certain elements in Bridgeland's Hall algebra of A, and give a multiplication theorem of these elements. In particular, this generalizes the main result in [4] .
Introduction
The Hall algebra H(A) of a finite dimensional algebra A over a finite field was introduced by Ringel [9] in 1990. Ringel [7, 9] proved that if A is representation-finite and hereditary, the twisted Hall algebra H v (A), called the Ringel-Hall algebra, is isomorphic to the positive part of the corresponding quantized enveloping algebra. By introducing a bialgebra structure on H v (A), Green [5] generalized Ringel's work to an arbitrary finite dimensional hereditary algebra A and showed that the composition subalgebra of H v (A) generated by simple A-modules gives a realization of the positive part of the quantized enveloping algebra associated with A. In [12] , Xiao gave a realization of the whole quantized enveloping algebra by constructing the Drinfeld double of the extended Ringel-Hall algebra of a hereditary algebra.
In order to give an intrinsic realization of the entire quantized enveloping algebra via Hall algebra approaches, one has managed to define the Hall algebra of a triangulated category satisfying some homological finiteness conditions (for example, [6] , [10] , [13] ). Unfortunately, the root category of a finite dimensional algebra does not satisfy the homological finiteness conditions. In other word, the Hall algebra of a root category has no a befitting definition. In fact, more generally, the Hall algebra of an odd periodic triangulated category with some finiteness conditions has been defined (see [14] ). Nevertheless, an applicable definition of the Hall algebra of an even periodic triangulated category has been unknown so far. * In 2013, for each finite dimensional algebra A of finite global dimension, Bridgeland [2] introduced an algebra, called the (reduced) Bridgeland's Hall algebra of A, which is the Ringel-Hall algebra of 2-cyclic complexes over projective A-modules with some localization (and reduction). He proved that for any hereditary algebra A the quantized enveloping algebra associated to A can be embedded into the reduced Bridgeland's Hall algebra of A. This provides a beautiful realization of the full quantized enveloping algebra by Hall algebras. In [2] , Bridgeland also showed that for the hereditary algebra A there exists an embedding of algebras from the Ringel-Hall algebra to Bridgeland's Hall algebra. Later on, Geng and Peng [4] generalized this embedding to algebras of global dimension at most two. So far, the structure of Bridgeland's Hall algebra of a nonhereditary algebra has been rarely known. Particularly, the relations between the Ringel-Hall algebra and Bridgeland's Hall algebra of any algebra with finite global dimension have not been uncovered.
In this paper, let k be a finite field and A be an abelian k-category with enough projectives, which is of finite global dimension. We introduce certain elements in Bridgeland's Hall algebra of A , and then give a sufficient and necessary condition for the multiplicative properties of these elements. As applications, we obtain [4, Theorem 3.7] . Moreover, we generalize it to 2th tilted algebras.
Throughout the paper, let k be the finite field with q elements and set v = √ q ∈ C.
Let A be an abelian (small) k-category of finite global dimension, and assume that A has enough projectives. We denote by Iso (A ) the set of isomorphism classes of objects in A , denote by K(A ) the Grothendieck group of A , and denote by P the full subcategory of A consisting of projective objects. For a complex
is denoted byM . Let A be a finite dimensional k-algebra of finite global dimension and denote by mod A the category of finite dimensional (left) A-modules. For a finite set S, we denote by |S| its cardinality. For each rational number x, [x] is defined to be the largest integer not greater than x. We denote the quotient ring Z/2Z by Z 2 = {0, 1}.
Preliminaries
In this section, we recall the definitions and some necessary results of 2-cyclic complexes, Ringel-Hall algebras and Bridgeland's Hall algebras. All of the materials can be found in [2] , [15, 16, 17] .
2.1. 2-cyclic complexes. Let C 2 (A) be the abelian category of 2-cyclic complexes over A. The objects of this category consist of diagrams
, we define its class in the Grothendieck group K(A) to bê
Denote by K 2 (A) the homotopy category obtained from C 2 (A) by identifying homotopic morphisms. Let C 2 (P) ⊂ C 2 (A ) be the full subcategory whose objects are complexes of projectives, and denote by K 2 (P) its homotopy category. The shift functor of complexes induces an involution of C 2 (A). This involution shifts the grading and changes the signs of differentials as follows
It is well-known that there exists an exact functor π :
with the naturally defined differentials. It is easy to check that
Let D b (A ) be the bounded derived category of A with the suspension functor [1] .
be the orbit category, also known as the root category of A. The category D b (A ) is equivalent to the bounded homotopy category K b (P), since A is of finite global dimension. In this case, we can equally well define R 2 (A ) as the orbit category of
There is a fully faithful functor F :
sending a bounded complex of projectives (P i ) i∈Z to the 2-cyclic complex
The following lemma converts the calculation of dimensions of Ext -spaces into that of Hom-spaces.
Each object P ∈ P determines acyclic complexes
be the subset consisting of those equivalence classes of short exact sequences with middle term L. From now on, we always assume that A is finitary, i.e., all Hom-spaces and Ext -spaces are finite dimensional. Definition 2.4. The Hall algebra H(A) of A is the vector space over C with basis elements [M] ∈ Iso (A), and with multiplication defined by
For objects M, N ∈ A, the Euler form −, − :
The symmetric Euler form (·, ·) :
for all α, β ∈ K(A). The Ringel-Hall algebra H tw (A) of A is the same vector space as H(A), but with multiplication defined by
2.3. Bridgeland's Hall algebras. Let H(C 2 (A)) be the Hall algebra of the abelian category C 2 (A) defined in Definition 2.4 and H(C 2 (P)) ⊂ H(C 2 (A)) be the subspace spanned by the isoclasses of complexes of projectives. Define H tw (C 2 (P)) to be the same vector space as H(C 2 (P)) with "twisted" multiplication defined by
Then H tw (C 2 (P)) is an associative algebra (cf. [2] ). We have the following simple relations for the acyclic complexes K P and K * P .
Lemma 2.5. ([2, Lemma 3.5]) For any object P ∈ P and any complex M • ∈ C 2 (P), we have the following relations in H tw (C 2 (P))
In particular, for P, Q ∈ P, we have
By Lemma 2.3 and Lemma 2.5, the acyclic elements of H tw (C 2 (P)) satisfy the Ore conditions and thus we have the following definition; See [2] . Definition 2.6. The Bridgeland's Hall algebra of A, denoted by DH 2 (A), is the localization of H tw (C 2 (P)) with respect to the elements [M • ] corresponding to acyclic complexes M • . In symbols,
As explained in [2] , this is the same as localizing by the elements [K P ] and [K * P ] for all objects P ∈ P. Writing α ∈ K(A) in the form α =P −Q for some objects P, Q ∈ P,
Note that the relations in (2.3) are still satisfied with the elements [K P ] and [K * P ] replaced by K α and K * α , respectively, for any α ∈ K(A).
Main result
3.1. Projective resolutions. For each object M ∈ A , take a projective resolution of M
Then we obtain the complex
where
It is similar to [2, Section 4.1] that we can define the minimal projective resolutions. It is easy to see that each object has a unique minimal projective resolution up to isomorphism. Let
be the minimal projective resolution of M. Consider the corresponding 2-cyclic complex
with the naturally defined differentials. It is similar to [2, Lemma 4.1] that we have the following Lemma 3.1. Any resolution (3.1) is isomorphic to a resolution of the form
for some objects R i ∈ P, 0 ≤ i < n, and some minimal projective resolution
3.2. Certain elements in DH 2 (A). For each M ∈ A and any projective resolution P
Similarly, for the minimal projective resolution P M (3.2), we can define M i , 0 ≤ i ≤ n, and thus M even , M odd .
Lemma 3.2. For each M ∈ A and any two projective resolutions P
Proof. By Lemma 3.1, each projective resolution of M is of the form (3.3) up to isomorphism. So it suffices to prove that for the projective resolution P ′ M (3.3) and the corresponding minimal projective resolution P M (3.2),
It is easy to see that for each 1 ≤ i ≤ n,
Hence,
By Lemma 3.2, for any projective resolution P M we can define
where τ (M) :=M odd −M even .
Multiplicative properties of elements
By the Comparison Lemma (See [11, Theorem 2.2.6]), we have a surjective map
It is easy to obtain the following injective map
where g 0 is uniquely determined as in the diagram (3.4) by the universal property of the kernel of q 0 , since q 0 f 0 = 0. Conversely, for any (
, we obtain that f 0 p 1 = q 1 f 1 . Hence, ϕ 2 is bijective, and thus
We have the following injective map
It is easy to check directly that there is a short exact sequence
So,
Repeating the above process, we define
Therefore, by recursion, we complete the proof.
Lemma 3.4.
],
In a similar way as Lemma 3.3, for any 1
], we obtain
Therefore, the proof is completed.
Proof. Let
By Lemma 3.4,
Therefore, r 2 − r 1 = M even ,N + P even M ,N odd + P odd M ,N even + w 0 . So we have proved the first equality. * On the other hand, by definition, it is easy to see that
Therefore we complete the proof.
Let ϕ be the C-linear map defined by ϕ :
} is a set of linearly independent elements in DH 2 (A).
Proof. Let ψ be the C-linear map defined by
where P, Q ∈ P and
Then it is easy to check that ψϕ = 1.
Therefore, ϕ is injective. Proof. Note that 
On the other hand,
Note that w 0 = 0. By Lemma 3.5, the sufficiency is proved. In what follows, we only give the statements of results on ϕ, although they also hold for ϕ * . The following corollary is the main result of [4] .
Corollary 3.9. If A is of global dimension at most two. Then ϕ is an embedding of H tw (A) into DH 2 (A).
In the following we apply our main result to iterated tilted algebras. We recall that an algebra A is called an iterated tilted algebra if there exists a sequence (A i−1 , T i−1 , A i ), i = 1, 2, · · · , m, where each A i is a finite dimensional k-algebra and T i−1 is a (classical) tilting A i−1 -module (cf. [1, Section VI.2]), such that A 0 is hereditary, A i = End A i−1 (T i−1 ), and A m = A. For convenience, we call A i ith tilted algebra. We denote H tw (mod A) and DH 2 (mod A) by H tw (A) and DH 2 (A), respectively. It is well-known that A 1 is of global dimension at most two, so 
